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Attempt two parts from euach question.

All questions are compulsory.

1. (a) Every permutation of a finite set can be written

as a cvele or as a product of disjoint cycles,

(b) Suppose that .G; = pq. where p and q are prime.

Prove that every proper subgroup of G is cyclic.

{c) Let N be a normal subgroup of G and let H be a
subgroup of G. If N is a normal subgroup of H.
prove that H'N is a normal subgroup of G/N if
and only if H is a normal subgroup of G.

(2%6=12)
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(a) Everey group is isomorphic to a group of

permutations.

{b) Prove that there is no homomorphism from
L@ Z, onto 2,927,

{¢) If G is non-abelian. show that Aut{G) is not
cvelic, (2x6=12)

(a) Let D be an integral domain. Then there exists ‘é
fietd F (called the field of guotients of D) that
contains a subring isomorphic to D.

(b) If n is a positive integer, show that (n) = nZ is a
prime ideal of Z if and only if n is prime. .

(v) Let ¢ be a homomeorphism from a ring R into a
ring S. Let A be an ideal of R and B be an ideal
of S. then

{(ir If ¢ is onto. then ¢(A) is an ideal of S.
(i) & " (B) = {reR: ¢(r} € B} is an ideal of
R. (2=6=12)

ta) [ D is an integral domain, then D{x] is an integral
domatn. Let F be a field. then F[x] is a principal

ideal domain.

(b} Show that x* + x + 4 is a irreducible over Z,.
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l.et D be a principal ideal domain and let p € D.

Prove that pisa maximal ideal in D if and only
if p is irreducible, (2x6%=13)

Prove that if W, and W, are finite - dimensional
subspaces of a vector space V. then the subspace

Wo- \\'._ is finite - dimensional and

dimW = W) = dim(W ) + dim(W,) - dim(W, ~ W,)

let V and W be vector spaces over F, and
suppose that {v.. 1'2‘..:... v b is a basis for V. For
woow.owoin Wothere exists exactly one linear

transformation T V. = W such that T(v} = w,

for 1= 1.2,....n.

fet Voand W be finite - dimensional vector spaces
over F oof di‘mensioil)"s n and m respectively, and
fet 3 and v be ordered' bases for V and W respectively.
Then the function ¢ -L(V. W) —» M _ (F). defined
by Ty = [TPB for T; L(V. W), is an 1somorphism,
where L(V. W) is the vector space of all linear

wransformations from V into W, (2x6%=13)

Suppose that V is a finite - dimensional vector
space with ordered basis

B = {v,.v, ..v}.For each i=1.2...n define

P.T.O.
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f(ry = a. where'{v is the coordinate

vector of v relative to 3. Prove that £ is a linear
functional on V. Let B" = {f. ... f }. Then 7 is

an ordered basis for V' and for any

= V. we have :f;":zf‘("n)f

(b) Let T be a linear operator on R defined by

(¢

—

4, o tay-ay

Ia, = 2a ~3a,~2a,
El;_ ‘ a‘*4a1

Determine the eigenspaces of T corresponding to
cach eigenvalue and hence find a basis for R°

consisting ot cigenvectors of T.

Leit T be a linear opérator on a finite - dimensional
vector space V and suppose that V=W &
W.2 2 W . where W_is T - invariant subspace
of V for each 1 1<i < k). Suppose that f(t) is the
characteristic pol\nomla] of T, s 1 < k). the
restriction of T on W . Then t(l)f (t) ... f.(t) s

the characieristic p_ol_\nomla] of T. (2x6'%=13)
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