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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question paper.

2. Attempt any two parts from each question.

1. (a)

(®)

(c)

(b)

{©)

Define a subring and an ideal of a ring. Prove that the intersection of two
ideals of a ring is an ideal. What about their union ? Justify your answer.

Define a field and prove that a finite integral domain is a field. Can we drop
the condition of ‘finiteness’ in the hypothesis ? Justify your answer.

Define the characteristic of a ring. Prove that the characteristic of an
tntegral domain is either zero or a prime number. What is the characteristic

of 2, ® 877 (6,6,6)

Let R be a commutative ring with unity and A be an ideal of R. Show that
R/A is a field if and only if A is maximal.
(i) Determine ail ring homomorphisms from Z to Z.
(i) Is the fing 2Z isomorphic to 4Z ? Justify your answer.
A+B B
- ANB’
(6,6,6)

Define a principal ideal domain. Let F be a field. Prove that F[x] is a
principal ideal domain.

Let A and B be any two ideals of a ring R. Prove that
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Prove that the ideal < x > is maximal in Q[x].

Let Fbeafieldand I = {ax"+a x"™' + ... +a :a,a,.,a €F and
a,*a,+...+a = 0}. Show that I is an ideal of F[x] and find a generator
of I (6,6,6)

Define an irreducible polynomial over a field. Let F be a field and p(x) €
F[x]. Prove that <p(x)> is 2 maximal ideal of F[x] if and only if p(x) is
irreducible over F.

In a principal ideal domain, prove that an element is irreducible if and only
if it 1s prime.

Prove that Z[V-3] is not a Euclidean domain. (612,6,6%2)

Let M___ (F) denote the vector space of all mxn matrices over a field F.
Let W ={AeM (F):A =0 wheneveri>j} and W, = {Ae M_
(F): A= 0 whenever i < j}.

Show that W, and W, are subspaces of M__ (F) and that M__ (F) =
W oW,

Let V be a vector space over a field F, char F # 2. Let u, v, w be distinct
vectors in V. Prove that {u, v, w} is linearly independent if and only if
{utv, v+w, w+u} is linearly independent.

Let V = R* For the subspaces W, = {(x,y,z,t) € R* : x = t)} and
W, = {(x,y.z,t) € R*: x =0, y= -z}, find dim W, dim W, dim (W +W}.

(6'%,6%,6%)

Let V and W be finite dimensional vector spaces over a field F and
T :V— W be a linear transformation. Prove that nullity(T) + rank(T) = dim V.

Let T : R? - R’ be defined by T(x,, x,} = (x,—x,, X, 2x,*+X,). Let
B = {(1,2), (2,3)} and y = {(1,1,0),(0,1,1),(2,2,3)} be ordered bases for

R?and R® respectively. Compute [T];.

Let T : R* — R® be defined by T(x,, x,, x,} = (3x, - 2x,, X,, 3x, +4x,).
Prove that T is invertible. Further, find T"'(x,, x,, X,). (6'2,6%,6%)
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