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Attempt any THREE puris from
guesiions 1 10 3, and any TWO paris
from gquestions 4 10 6. Every part

of w question carries 5 marks.

. (a) Detine the kernel of an action of a group G on a
set A and show that the kernel of the action of G
on A is same as the kernel of the corresponding
permutation representation G — $,. Hence. show
that the kernel of G on A is a normal subgroup of

G.
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(b) Prove that A is generated by the set of all 3-
cycles for all nz 3. llence or otherwise prove

that A  1s simple.

(c) Let a group G act on a set A. Prove that if a, bs
Aand b-ga for some ge G. then G, =gG g’
where G is the stabilizer of a. Deduce that if

G acts transitively on A, then the kernel of the
aroup action is ﬂL.\E{g(}“g' )

(d) Detine the class equation of a finite group G. If
G =p’ for some prime p. then show that G is

abelian. Also. show that G=Z or G= 7 NZ .

OR

For each of S, and D,. compute the centralizers
of each clement and find the center of each
group.

2. ta) Find all subgroups of order 3 in L,x 7.,

by Let G=141.7.17.23 39,

Ay
n

.65, 71y under
multiplication modulo 96. Fxpress G as an
external and an internal dircet product of cyvelic

subgroups.
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(¢ Define Composition Series. State the Jordan-Holder
theorem Find all the three composition series of

Q,. Alsc. list the composition factors.

(d) For a prime p. define a Sylowp-subgroup of a
finite group G. Prove that if G — 30, then either
a Svlow 3-subgroup or a Sylow S-subgroup is

normal in G.

OR

(dy If G. = 231. then Z(G) contains a Sylow 11-
subgroup of G and a Syvlow 7-subgroup is normal
in G.

tad

—

(a) Let p(x) be an irreducible polynomial over a field

F.Ifa < E isa zero of p(x) in some extension E ’
of F, then Fiay = F[xf.<p(x)>.

(b) Prove that cos 2r 7 is a root of 8x' = 4x"—d4x - |
and that 2vos 2% 7 is a root of X'+ X7 -2x - L.
Hence show that a regular seven-sided polygon
is not constructed with a straightedge and a

COompass.

(c) Show that the mapping & : GF(p") — GF(p") given

P.T.O.
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(d)

(a}

(b)

(c)

4
by ®(a) = a® for all a €GF (p") is a ring-

automorphism such that ®" is the identity mapping.
Find the splitting field of x* + 1 over Q.
OR

Show that Q(v3.33) = O(v3 ~ V) and find its

basis over Q.

State and prove the Cauchv-Schwarz inequality
and the triangle inequality on an inner product

space V.

Use Gram-Schmidt process to obtain an
orthenormal basis for PL(R) with the standard
. ) 1
ordered basis and the inner product (f.g) :J e
Hence compute the orthogonal projection of

f(x) = ' in PLR) on P,(R).

Let T be a lincar operator on a finite-dimensional
inner product space V. Then prove that the

following statements are equivalent.

(i TT* = T*7T = L.
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(1) (T, Ty = (x.v) for all x.y e V.,
1y [|T( = x|l for all x e V.
OR

(¢) Find the minimal solution of the following svstem

of linear eguations :

5. (a) Let T be a linear operator on {inite dimensional
inner product space V over I'. Suppose that the
characteristic palynomial of T splits over F. Prove
that there exists an orthonorma basis 3 for V

such that [T1 is upper triangatar,

(b) Let T be a linear operator on a finite-dimensional
complex inner product space V. Then prove that
T is normal if and only if there exists an
orthanormal basis for V consisting of eigenvectors

of T.

P.T.O.
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{c} l.et A be a n=n real matrix. Prove that A is seif-
adjoint i"and only if A is orthogonally equivalent

to a real diagonal matrix,

OR

Lot [oae g seltf-adjoint operator on a finite-

dimensionai inner product space V. Prove that for

al’ Ao \
Finy =i - = T(xy 7+ x

Deduce that T - il is imvertible and that (T +il)

(T =il 15 unitany.

6. {a) Let Vo be a finite-dimensional vector space over
the fied I oand v any non-zero vector in V. Let

I be a "aear operator on Vo Prove that
cac Tal Toee o 1Y w

t> @ basiy for the T-cyclic subspace Z¢a: Ty, where k is
the degrec of the T-annihilator of «. Also find the minimal
polynomial of the finear operator U on Z(a: Ty induced by

T.
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(b} Find the minimal polyvnamial and the rational form

of the followitna matrix

‘o1 Detine Jordan torm of a square matrix. IT A is a

compeen T3 matrix with characteristic polvnomial
ey - v - Zoen - T
Find all 10e possible Jordan forms for A,
OR

(¢) State cyclic decomposition theorem. Let T be the
linear operator on R¥ which is represented in the

standard ordered basis by the matrix

20 0!

!
[o 0 3

Let W obe the null space of T 21, Prove that W

2
=
| S

hias no complimentars T-invariant subspace,

(3,000)



