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Attempt any two parts from each question. All questions are compulsory.

1. (a) Detine Inn (G) and prove wat Inn (G) < Aut (G), G is a group.
(b) Find Aut ( Z,) and also make its Cayley table.
() (i) Find Aut (Z). |
(ii) If G is non- Abelian group, then show that Aut (G) cannot be cyclic.
' (6.5, 6.5, 6.5)

2. (a) Prove that commutator subgroup G’ of a group G is a characteristic subgroup of G.

(b) (i) Show that Z, ® Z, is not isomorphicto Z,®Z, . -

(ii) Let H is a subgroup of a group G be such that it contains commutator
" subgroup G’ of G, then prove that H is normal subgroup of G.

(c) Let G and H be finite cyclic groups. Prove that G @ H is cyclic if and only if |G|
and [H| are relatively prime. (6, 6,6)

3. (a) Show that if G is the internal direct product of Hy, H, ..., Hy and i # j with
1<i,j<n,then H; NH; = {e}. "

(b) Express U(110) as
(i) External direct product of cyclic additive groups of the form Z,,

(ii) Internal direct product of its proper subgroups.

(c) Show that there are two abelian groups of order 18 that have exactly four
subgroups of order 3. . (6, 6, 6)
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4. (a) Let G be a group. Prove that the mapping ¢ : G X G — G, defined by
¢(g,a) =g.a= gag is a group action.
Is this action a trivial action if G is Abelian? Find its kernel and stabilizer G,.

(b) If G = Dy, the Dihedral groupoforder 10 and A= {1,r, %, I, 1*} is a
subgroup of G, then show that C;(4) = Aand N;(4) =G

(c) Let G be a group acting on a non-empty set A. Prove that the relation on A defined
by

a~bifandonlyifa=g-bforsomeg€ G

is an equivalence relation. Also prove that for each a € A, the number of elements
in the equivalence class containing a is |G: G| i.. the index of the stabilizer of
aingG. (6.5, 6.5,6.5)

5. (a) Write the conjugate class equation for a finite group G. Let P be a group of prime

power order p® , a 21. Use class equation to prove | Z (P) | >1. (

(b) Leto; = (123 4 5)and o, =(13245).Is gy conjugate to g, in Ss. Are these
conjugate in Ag as well? Explain.

(c) Find all the conjugacy classes and their sizes of Dg , the group of symmetries of a

square. (6,6, 6)

6. - (a) State sylow’s first theorem. Exhibit all sylow 3 - subgroups and
sylow 2 - subgroups of A,.

(b) Let |G| = 56, G be a group. Prove that either sylow 2 - subgroup or
sylow 7 - subgroup is unique.

() Is A, simple V n > 57 Prove that 4,, , n > 5 cannot have a proper subgroup of
index < n. : L (8.5, 6.5, 6.5)
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