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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question
paper.

2. All questions are compulsory.

3. Attempt any two parts from each question.

1. (a) Letd, and d, be two metrics on a non-empty set X. Let

d(x, y)=Vd} (x,y)+d;(xy)

d*(x, y) = max(d,(x,y), d,(x,y)) forall x,y € X.
What is the relation between these two metrics ?

(b) Suppose (x, d) is a metric space, Z is a set and f: Z — X is an injection

function.

Show that (a,b) > d(f(a), f(b)) is a metric on Z.
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Suppose X is a metric space, z € X and S is a subset of X. Show that

z € acc(S) if, and only if, z ¢ iso(S) and dist(z, S) = 0.

Suppose X is a metric space, x € X and S is a subset of X. Show that
x € boundary (S) if and only if, every open ball of X centred at x has

non —empty intersection with both S and Se.

What is an isometry ? Show that an isometry from a metric space X onto a

metric space (Y, dy) is a homeomorphism.

Suppose (X, d) is a metric space, w € X and A is a subset of X. Then,

show that
dist (w, cl (A)) = dist( w, A),

where cl(A) is the closure of A.

_Suppose X is a metric space and S ¢ X. Prove that

(i) (8% = CI(S°)

(i) S°= {x € X: dist(x, S) > 0}

Suppose X is a metric space and S is a non-empty subset of X. Then prove
that

diam(cl(S)) = diam(S).

Do we also have diam(int(S)) = diam(S) ? Justify your answer.

Suppose (X, d) is a metric space and Z is a metric subspace of X. Show

that the collection of open subsets of Z is {UNZ | U is open in X}.
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Suppose X is a metric space and S ¢ X. Prove that

() 8(8s)cas.

) (u) S is the smallest superset of S that is closed in X.

Let A be a nonempty subset of a metric space X. Show that z cl(A)

if and only if, there is a sequence in A that converges to z in
X.

If x = <x > has a subsequence which converges to z. Show that
dist(z, {x_:ne N})=0.
Give an example to show that converse to above statement is not necessarily
true.
Suppose X is a metric space and S is a bounded subset of X,
(1) Show that closure of S is bounded in X.

(i) Is S also a totally bounded ? Justify your answer.

Let f: X — Y be a function from the metric space X into other metric space.

Show that f is a continuous at every isolated point of X.

Let f: (X,d) - (Y,e) be uniformly continuous. Prove that the
sequence <x > is Cauchy in X if and only if the sequence <f(x)> is

Cauchy in Y.

State Banach contraction Property. Give an example of a complete metric
space X and a function f: X — X such that d(f(x), f(y)) <=d(x,y) for all
X, y € X, but f has no fixed point in X.
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(b) Define a connected space. Prove that a metric space X is connected if and

only if, every continuous function f: X — {0, 1}(a discrete space) is a

constant function.

(c) Define a compact metric space. Prove that the continuous image of a compact

metric space is compact.
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