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. (@) Let H and K be subgroups of a finite group G. Prove
that : B ‘ ‘

_IHIK| .

HK
K= Ak &%

(b)  Show that the' commutator subgroup G of a group G

is a normal subgroup of G. : B 6
Or

{(a) Prove that every subgroup of D" of odd order is

1

cyclic. ‘ ' 4
{6) Show that for. :
n23 28,)={. 4
(&) Let H be a subgroup of G. If index of H in G is 2, *

show that H is normal, in G. ) . 4.
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Let G be a finite abelian group and let p be a prime_
that divides the order of G. Show that G has an element
of order P | L]

Prove that there is no homomorphism from :

Zi;®Zy onto Zy EBZ4. . 6}
_ Or
Show that a gfoup of order 35 is cyclic by using
N/C theorem. 6
Show that " .
% = 2‘nn(G)

where Z(G) denotes the centre of G. Deduce that Aut
G s cyclic implies G is abelian. 6’/3'
Let R be a commutative ring with. unity and let A be
an ideal of R. Show that % is a field if ‘and only if

A is maximal. ' 6

‘Show that 1 = <2 + 2> is not a prime ideal of Z [4].

Z[i]

‘How many elements are in B ? 6'4

Or
Show that if m and n are distinct positive integers, then

the ring mz is not isomorphic to the ring nz. 6

- Determine all ring ho_m'omorphisms from Z; to Z33. 6%
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Sh.ow‘ that in a principal ideal domain an ¢lement is irreducible
if and only if it is prime. 6%
() LetD be a Euclidean domain and d the associated
function. Showrlthat u is a unit m D, if and dnly
if d(u) = d(1). | o 4

(i) Determine the units in Z[]. 2

OP’ .

-Assuming ascending chain’ condition, show that every

principal ideal domain is a unique factorization domain. 6%
Show that—_ x* + | is irreducible over Q but reducibie
over Zp for every Qrime p. o 6
State and prove Replacemem.. theorem. - 6
Let V, W and Z be vector spaces and let .T Vo W

and U _: W — Z be linear. Prove that UT is one-to-

~one, then T is one-to-one. Must U also be one-to-one ?

Justify your answer. 6%

Or [
Let , v and w be dist'inc‘t vectors of a vector space
v. Show that {u, v, w} is a basis fc')r v if and only

if{fe + v, v + w, w + 4} is a basis for v. 6

PT.0.
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Let v and w be finite dimensional vector spaces with
ordered bases B and v. Let T : V- = W be linear.

Show that T is invertible if and only if [Tl; is
b} : P .
mvertible. : ¢ 6%

Prove that if W is a subspace of a finite dimensional

vector space v, then dim w + dim w° = dim v. 6

Let T be the linear operator on M,,, (.R)-'deﬁl"led by
T(A) = A’ Show that £ 1 are only eigen values of
T and T is diagonalizable. o 6%
Or
. . :

Suppose that W is a finite dimensional vector space
and T : V > W is Jinear. Prove that :

L N = Ry, 6
Show jlhat the characteristic polynofn'ial of an;f

. .
diagonalizable operator splits but the converse need not

be true. L ' | ‘6%



