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Write your Roll No. on the top 1mmed1ate1y on receipt of this questlon paper.
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.'Attempt any two parts from. each questlon L

Defirie a.g'roup.':Pi'o,ve-_thé:t'.fhe set- .
X x|,
,G={[ ][st x:&O}
is an infinite Abelian group under matrix multlpllcahon

Let Hbe a non-empty‘ﬁmte subset of a group G. Prove that H is a subgroup
of G if H is closed under the operation of G.

Prove that

(1) the center of a group, G is.an Abellan subgroup of G _

(i) G is Abelian if and only if G = Z(G) (2x6=12)
Let G = (a} be a finite cyclic group of order n. Prove that a* is a generator

of G if and only if gcd (k,n) = 1. Hence show that the set of all generators
of Z_is U(n), where n 2 2.

Define order of an element. What is the order of
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IfG= (a) is a finite cyclic group of order n, then prove that the order of
any subgroup of G is a divisor of n; and, for each positive divisor k of n,
G has exactly one subgroup of order & — namely, (a“f">. (2x6.5=13)

Show that if H is a subgroup of S_(n 2 2) then either every member of H
is an even permutation or exactly half of them are even.

State and prove Lagrange’s theorem for finite groups. Prove that every finite
group of prime order is cyclic.

Define the index of a subgroup. If G is a group and H is a subgroup of index
2 in G, prove that H is a normal subgroup of G. Show that the converse
need not be true. (2x6=12)

State and prove Orbit-Stabilizer Theorem.

Prove that -
(1) the commutator subgroup G’ of a group G isa normal subgroup of G.

(u) If N'is a normal. subgroup of G; then GfN is Abelran if and only 1f"
" G'<N. Hence or otherwise show that G/G' is Abehan '

Let G be'a group and -H'a normal subgroup of G. Prove that the set
G/H={aH : a € G} is a group under the operatlon (aH) (bH) = abH.
(2%6.5=13)

Let G be a group and Z (G) be the centre of G. If G/Z (G) is cychc then
. »prove that G i is Abehan

._(l.))“ Fmd Aut (Zw)
'Show that any mﬁmte cycllc group is isomorphic to (Z +). (2X6=12)

' -'"Suppose'th'at'(p is an 1somorphlsm Trom'a group ‘Gontoa g-roup-"G;"‘";'Proifé}"."-f

that G is cyclic if and only if G* is cyclic. Hence show that Z, the group of
integers under addition is not isomorphic to Q, the group of rationals under
addition. -

Let G be a finite Abelian group and let p be a prime that divides order of
G. Prove that G has an element of order p.

Let ¢.be a group homomorphlsm from G onto G* then prove that G/Ker
o=~G* : ' . (2%6.5=13).
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