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Attemnpt any rwo questions from each Section.
Section 1

“ L Define a finite-dimensional vector space and show that any two
bases of a finite-dimensional vector space have same number

of elements. ' ‘ 4%

i

2. Define 1.{S), ]inéar span of any subset S of a vector space V(F).

(@) Check whether (3, -4, 6) in the subspace of R¥ (R) is
spanned by vectors (]-. 2,-1),(2,2, Nand(1,-2.3)7 2%

. ‘  pTO.
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" Find the two subspaces A and B of R* (R) such that

dim A = 2, dim B = 3, dim (A~ B) = 1. 2
that the union of fwo :
Subspaces of a vector-space may not be a subspace. 2

Let V = R? (R) and W be the subspace generated by
{(1, 2, ). Find a subspace W, of V such that

V=W &Ww 2%
. Section I

State and prove Sylvester’s law for rank and nullity of

a linear transformation from V to W, where V is a finite-

1

dimensional vector space. 3

Let T be a linear operator on a finite-dimensional vector
space V and let Rank T2 = Rank T. Show that Range

TnkerT={0}.. ‘ 2

Define mapping T : R3 = R} as

T (xp, xp, X3} = (Bx; +7x3,/— 2x; + x5, —x; + 2xy + 4x3).

@

Show that T is a linear operator on R? . 5



&

(3) o un
(i) Prove that T is invertible -and also give a rule for T~!

like the one which defines T.

Let T: V - V be a linear transformation (V is a vector space
over the field F) and let B and §' be two ordered basis of V.

Then prove that [T}B. and [T]‘3 are similar, _ -5

Section IH .

If W is a subspace of a finite-dimensional vector space V (F),

then show that dim A (W)=dim V ~ dim W. Also deduce that : 4%

-~

W
A (W)

it

where ¥ denotes dual of V.

{a) Let V be a finite-dimensional vector space over the field

F and v #vgare in V, then prove that there exists a

FeV such that f(vy)# f (). : 7 - 2

(6) Given a; = (1, 3) and a; = (2, 1) in R? (R). Find.

e R? {R) such that : !

<a,ap>=3and <q, a,>=-1],

ﬁ e : .
where <, > denotes the standard inner product in RZ. 2%

/ , | | © PTO.
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Let V be the set of real-valued functions y,= flx) satisfying

Prove that V is a 3-dimensional real vector space and in V define

1]
inner product (f, g)= _['/:g dx.

-

Find an orthonormal basis of V over R. 4%
Section 1V

Find the eigenvalues and bases of corresponding eigen spaces

" of the matrix. 5

Is A similar to a diagonal matrix 7 Justify.

Let T be a linear opeartor on RZ, the matrix of which in the

: ’ ¢ -1
standard ordered basis is A ={ } :
: 1 0



-

(5) ' -
(@) Prove that the only subspaces of R? invariant under T

are R and zero subspaces. 3

» Ifa diagonaiiz.able operator has the only charateristic

values 0 and 1, then is it a projection 2 2

12 Let V (F) be a vector space and W, W,,......, W, be subspaces

of V, then prove that :

V=W, W, ®...©W, ifand only if there exist k lincar

operators E, E,........, E, on V, such that : 7 5
() Each E, is"a projection.

(i) " E, Ej=0foralli?=j.

(iiy P=E,+ éz +erreren + Ey

(W)  The range of E, = W, for all i.
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