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Instructions for Candidates

1.
2.

Write your Roll No. on the top immediately on receipt of this question paper.

Attempt any two parts from each question.

All questions are compulsory.

(2)

(b)

(©)

(a)

(b)

Let a and b be elements of an Abelian group and let n be any integer. Show
that (ab)” = a"b", Is this also true for non-Abelian groups ?

Let H be a subgroup of a group G. Define the centralizer of H. Show that
the centralizer of H is a subgroup of G.

{i) Let H= {a+ib :a,b € R, ab20}. Prove or disprove that H is a
subgroup of C under addition.

(i) Let G be a group such thatab=ca=>b=c ¥ a,b,c € G. Show that
G is Abelian. (6,6,6)

Let G = (a) be a cyclic group of order n. Then, G=(a“> if and only if
ged(k, n) = 1.

if the pair of cycles o = (a,,a,,...,a ) and B = (b, b,, ..., b ) have no
entries in common, then show that aff = fa.
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(c) (i) Let H={B e S, : B(1) = | and B(3) = 3}. Prove that H is a
subgroup of S_. :

(i) Let B = (12 3)(145). Write B* in cycle form. (6,6,6)

3. (a) IfGisa finite group and H is a subgroup of G. then show that |H| divides
|G|. Moreover, prove that the number of distinct left (right) cosets of H in

Gis o(H) . Also, show that in a finite group, the order of each element of
the group divides the order of the g.roup.-
(b) (1) State and prove Orbit-Stabilizer Theorem.

(ii) Let G= {(1), (132){465)(78), (132) (465), (123)(456), (123)(456)(78), (78)}.
Find orb (1), orb_(4) and stab (7).

(c) (1) Let G be the group of non-zero complex numbers under multiplication

and let H = {x € G : [x| = 1}. Give a geometric description of the
cosets of H in G.

(ii) If a group G has no non-trivial subgroup, show that G must be finite
of prime order. (6.5,6.5,6.5)

4. (a) ® If N is a normal subgroup of G and ’%l = m, show that

i
H

(b) (1) Prove that a subgroup H of G is normal in G if and only if :

x"e N,VxedG

(1) Let H be a normal subgroup of a finite group G. If ged [|x|,

show that x € H.

xHx"! H, VxeG
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(1) Let H be a subgroup of a group G such that x2 € H, V x € G. Show
that H is a normal subgroup of G.

{c) - (1) Prove that A, isnormalin S .

(i) Let N be a normal subgroup of a group G. If N is cyclic, prove that
every subgroup of N is also pormal in G. (6.5,6.5,6.5)

5. (a) If M and N are normal subgroups of a group G and N £ M, prove that

G/N
M/N

- . G
is isomorphic to — .-
rphl M
(b) Let G be a group of permutations and consider the multiplicative group
{1,-1}. For each ¢ € G, define

®:G > {1,-1}

o ( ) 1, if ¢ is an even permutation
o) =
~1, if o is an odd permutation

Prove that @ is a homomorphism. Also, find Ker @.

(c) Prove that there is no onto homomorphism from Z  ® Z,t0oZ, @ Z,.
(6,6,6)

6. (a) State and prove Cayley’s theorem.
(b) Let ¢ : G > G’ be an isomorphism of a group G onto a group L6
Then, prove that :
(i) Giscyclic if and only if G’ is cyclic.

(i) For any elements a and b in G, a and b commute if and only if @(a)
and @(b) commute.

PTO.
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(i) If K is a subgroup of G, then (K} = {@(k) : k € K} is a subgroup
of G'.

(©) () Prove that Z under addition is not isomorphic to @ under addition.

(i) Let ¢ be a homomorphism from U(30) to U(30) such that ¢(7) = 7
and Ker ¢ = {1,11}. Find all x such that o(x)=17. (6.5,6.5,6.5)

(4000)




	001
	002
	003
	004

