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1. Answer any four of the following : 4x3

1 1
(@) For any square matrix P, prove that 5 (P + P’) is symmetric and that ‘2‘(P -P)is

()

(©

@)

(e)

skew-symmetric, where P’ is the transpose of P. Hence, verify that P can be written
as a sum of a symmetric matrix and a skew-symmetric matrix. (Note : A square matrix

P is called skew-symmetric if P* = -P.)

Find the equation of the line that passes through the points P = (1, 2, 3) and

Q = (2, 4, 1). How would you denote the line segment that joins P and Q ?

Find the equation of the line at the intersection of two planes given by

x+y+z=1and x -2y + 3z = 1.

Prove that if a vector a is orthogonal to vectors x; and x,, then it is orthogonal to

¢

the plane spanned by x; and x,.

Are the following vectors linearly independent ?

3] (2] 5]
u=|-1|, v=[3}|, w=|-9
(2] ) L8

If not, find the pattern of dependence between them.
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P § @ foed W @ IR AR
(%) Tt iR ST (square matrix)P@iﬁﬁfa:;Wﬁ%_(Pw')mﬁm'
(symmetric) BT § a0 %(P - P") oot (skew-symmetric) Bl ¥ &I
P, P 1 IR&d! (transpose) § | 3@ WHR Tefua wifsd foh p &1 w& waffa
am@m—wﬁamaﬁmaﬁwﬁfﬂ@mmﬁl
(%:@W'Wpﬁm—wﬁmmm%aﬁpf—a)
(@)ﬁqﬁaﬁ_P=(1,2,3)6mQ=(z,4, 1)@@6@'%@%@%
EAIED |ﬁ§aﬁ'PaQﬁ@3ﬁvwmﬁmmmﬁm
A ?
(’T)Hﬂﬁ‘ﬁﬁx+y+z=1ax-2y+3z=1aﬁuﬁ%a?mf@mi‘@émm
eSS -
(a)maﬁﬁaﬁwﬁwm_amﬁx,axz$ Eaq § W 9%

x, T x, G Fiffq wac & e (orthogonal) ¥ |

(3) @1 Frfafea wfew Weehd: WA= (linearly independent) g 2

(3] (2] 5]
ua=|-1{, v=|3 |, w={-9]
Lz_ ._—-1_ L8_

Ife & A T 7 fARar &1 W@EY (pattern of dependence) A A
P.TO.
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Answer any three of the following : | _ R 3x4

(@) Show that the plane given by —x + 2z = 10 and the line given by x = 5,

y=2- t and z = 10 + 4t are neither orthogonal nor parallel.
(b) Suppose a and b are two non-zero n-vectors. Prpve the triangle ineQuality :
la + bl < llall + |ib].
When is the above inequality satisfied as an exact equality ?
(¢) An economy has t'wo industries A and B with the féllowing input requirements :

Industry A requires 0.10 units of its own output and 0.60 units of industry B’s output

in order to produce 1 unit of output in A.

Similarly, industry B requires 0.50 units of industry A’s ougput but none of its own output -

to produce 1 unit of output in B.

Suppose the final demands in industries A and B are given by 1000 units and

2000 units, respectively.
({y Write down the Leontiéf system for this economy.

(#)  Find the output that must be produced in each industry in order to meet the final

demands.
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(@) | For vwhat value(s) ‘of k does the following system of equations
x+y-z=1
2x + 3j/ + kz =3
X+ ky + %z =2
“have :
(f)  No solution
(i) A unique solution
| (i) Infinite number of solutions.
Frefefan § ¥ f5dl f & s G
(%) Tuisd f& mHaA —x + 2z = 10 99 %@nx=5,y=2—zaz= 10 + 4 9
K| amaa; (orthogonal) ¥ T & WAMRR (parallel) & |
(@) 9. i a%lb_?ﬁ SN n-ae € ﬁﬂﬁﬂf@lﬁ ﬁwmﬁmﬁm
i
“a + bl < lal +. [151l-

Ig  ITEHAT awi?rﬁ:m (exact equality) & ®q § wa e A T ?

P.T.O.
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(M T e § 1 W A 91 B § St o savaerand e wa6R
- | |

I AT AT TR H | WE S R o @ s w010
THEAl 9 AT B & IAE HI 0.60 IHEA 1 AEYIFA B &

T YHER I B W B F AR H | THE w1 B0 w0 @ Ay s@m
A ST FH (.50 THEA I ETIHA Tl ¥ W AT @I D IAR H
PE AETIHA TG A T

HH f SEl A o B H " HAW: 1000 THEA q91 2000 JhTAl
R |

() 39 AdFarn & fod fodivd® T (Leontief system) & faf@d |

(i) F&H T & IO w9 T fated S osfaw Gl @ W@ w
& fR o S smevew € |

(W) k¢ B fF T @ R Frefafan g fee

x+y-z=1
X + 3y + kz = 3
x +ky +3z=2

<l

() % T TG

(i) G (unique) B Bl ¥

i) 3T BA BA E



7)) ' 7671

3. Answer any three of the following : 3x4

(@)

(b)

(©)

@)

Find the domains of the following functions :
O fxy)= .
NX TV
@) fxy)=m(1-x* -
Hence, sketch the domains in the xy-plane.

Sketch the level curves for the following functions (corresponding to the heights as

specified by k) :
() fx, y) = (xy + 12, (x, y > 0), at height k = 4.
@) glx, y) = y2 — x2, at height k = 0.

Examine the definiteness of the following quadratic forms :

() qx, y) = 2x2 + 6xy — 57

(i) q(u, v) = 4u? + duv + 392 subject to u — 2v = 0.
Consider the function Ax, y) = 4x2y — xp +x
() Find the directional derivative of fat the point (2, 3) in the direction (1, 2).

(i) In what direction should one move from the point (2, 3) to increase the value of

the function most rapidly ? Present your answer as a vector of length /.

P.T.O.
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frafafe & 4 fedd @ @ s ARE .- L
(%) fFfafed weml & 9TH (domain) @ HIF

1

) f(X, y) = \/}_—y + \/\:»

@ f(x ) ='1n(1 ~ x? - yz)
Ty o T S et T |
(@) Frefafed wedll & TR a% oY (kg7 @ T SR ® gm) .
O fix, ) = (xy + 1)2; (r, > 0), 9TE k=4 W | |
(id) g(x,y)=y2—'x2,ﬁ1'§kfom | |
(M) fr=fafas fgam vl w5t ﬁrﬁﬁmr» (definiteness) 1 Tlem Ffw .
 (1'> q(x, y) = 222 + 6xy - 52 |
() q(u, v) = 4u> +duv + 3v2 A w - 2 = 0.
(%) m—vﬁ/(x, y) = 4%y - x + x W fa=Er Fifsd
O r& fag @3 W, 2 § Rucas semes 3@ F1RE |

) Tog 2,3 ¥ w9 3 A9 * wEiys ST Y a9 F o fag
ﬁwﬁwﬁ?ﬁwaﬁmﬁzaﬁmﬁmﬁm
IS |
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Answer any three of the following : 3x4

(a¢) The demand for good A is given by :

(b)

(©)

9a = kpgpg,- (k, P4, P > 0)
where o and 3 are constants, and p, and pp represent the prices of good A and a

related good B, respectively :

(i)' Calculate the elasticities of demand for good A with respect to p,, and with

respect to pg.

(i) ~What are the expected signs of o and B (assume that goods A and B are

substitutes) ?
Suppose the function fix,, xz)‘is homogeneous of degrec 1 and x; > 0, x, > 0 :.
(H  Show that

2 4 2
a / (.xl, X2) vx a f(x], X2)

X =
! axlz 2 axzax,
0’ (x, x : 3 (x, x
@ If ——f—(]—z—) < 0, what can you say about the sign of __f_(_]___z_) ? Interpret
2
ox; 0x,0x
your result.

Are the following functions homothetic ?

@ f(x y)'= et

xh eyt

Xy

, x, y#0.

Gy g&(xy)=

Give reasons for your answer.

P.T.O.
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)] Consider the following system of equations :

dy, dyz
Solve for o and e

frfafes & @ f=t @9 & sw A
(F) T A F A F= TR T
qA=kp2‘pg, (k, P> Py > 0)
aﬁaaﬁﬁaﬁm%,prame:a@Aa@W—aaaQBaﬁ
HHd T |
() TE A HI HT H p, % WU o pp H Hﬁfﬂ =l & o
HIfa | |
() adpd FAE fag 70 € (79 A fF axgl A 9 B WENH

(substitutes) & 1) ?

(@) @ifsd f& ®e fix), xp) Hife 1 F GAEQ HAT € a9l x; > 0,

X2>O:
@ E?'I'f'é'aﬁm":

Aazf(xla x:z) . 32f(x|, x2)

= 0.
ox? 2 9x,0x,

X

2 2 ’
(ii) aﬁ'-a—i(—x;—x?—) <o,aiamy—(f’if?—)%fa%$aﬁﬁwaﬁgm
axl axZaxl

T ? oA IW K IRAT FHISA |



, ( 11 ) 7671
(M) F frAfafad we SH3fe® (homothetic) § 2

O flx,y) =Y

4+y4

i &lry)=""2 e
I W B e wRw SR
(%) Fretfefan e fEE W fEER AR

xzylv -y, = 0.
dy d
@ 2L oqa 22§ fad ew wE
dx dx
Answer any three of the following : ' _ 3x%5

(@) Locate all extreme points and/or saddle points of the function :
fox, y) = 2x2 — dxy + y* — 2.
Show that f does not have a global maximum.
. : 0
(b) Consider the function flx) = g 1 <x<10:

()  The upper level set for f'is defined as P, = {x : fix) = a}, where.a is any real

number. Draw a graph of the function and mark its upper level set for a = 2.

(#) Is fquasi-concave ? Explain your answer.

P.T.O.
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(¢) For what value;s of the constanf ‘a’ is the following functibn :
(1) concave,
(i) convex, and
(ii‘i) neither concave nor convex :
fx. y) :'GX(l - x)+ 2y - )y + 4.
(d) Determine whether the following seté :

() s:,{(aé,y):ys.9—x2} and

@) T={xy:x20y20x+y<1}
. are
(i) - closed

(/i) bounded
(iif) compact.

Justify your answers.

frefafes # @ fadl 9 3 S AR .

(&) FHfafEd wad & 991 =W (extreme) /31 3T (saddle) fag 314
HIfTa
Ax, y) = 2x2 - 4xy + Y+ - 2.

ozl f& far aﬁrﬁ afve 3T (global maximum) &l ¥ |
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(@)Wﬂx)=-1;?, 1 <x <10 R faar =ifsd

() f R IR TR G (upper level set) P, = {x : fix) > a} & ®Y H
IR B, SR o ®E gl @ ¥ | 39 We @1 S §Ed

WM =2 % ol 9w IR Oy fafed SIfd |

(i) T f JG-HFTTA § (quasi-concave) ? HUY IW B THITEA |
(W)WW%WM?WW@HW:

() AT (concave) T

(i) STSA (convex) & A

Gi) T A A § A @ I

fix, ) =ax(l — %) + 2xp — Yy + 4).

(a)ﬁwﬁaaﬁmﬁwﬁﬁ%ﬂﬁaﬁw}

@D S=H(, )y <9 - X Ad

(i) T={(x,y):xzb,yzd.x-+ys1}

O T (closed) &

i)y FF (bounded) &

(}'ﬁ) HE (compact) § |

I W & o sfaw wra dfd

P.T.O.
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»

Answer any two _6f the following : ' 2%6
(@) A firm uses inputs L and K to produce a target level of output Q = PK. The prices
per unit of L and K are w and r, respectivély. Using the Lagrangean method, solve
the following minimization problem :
It/’Ii[? CL, K) = wL + K
subject to
Q =LK
() Find the cost minimizing inputs L* and K*.
(7)) Find the optimal value function C* as a function of w, r and Q.
(iiiy Apply the envelope théorem’ to find the derivative of the optimal value >function
C*w, r, Q) with respect to Q.

(b)) Solve, using the Lagrangean method, the following problem :

Min flx, y) =x +y

X,y

subject to

x2 -y =1

Also explain the problem geometrically by drawing appropriate level curves for ftogether

with the graph of the parabola x2 — y = 1. Does the associated maximization problem

have a solution ? Justify your answer.
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(¢) Consider the function :
ooy =L v sy
defined over the set :
S={(r,y):-2<x<2 2<y<2.
Find the maximum value of the function £ over the set defined by S.
frafafaa & @ sl & & s afd
() Th FH M IOE Q = LK & 7T TR H SARA & & fad q awmi
L& K ® I FEA T 1L AK F WA GEE FE FE o0 A E
oue w fafy § Feafafes gEadie 9w w1 g wifa
Min C(L, K) = wL + K
qfg
Q =LK
() mﬁmvﬁmwmmﬁawaﬂaﬁm |
(i) T (optimal) W Hed C* aﬁ w,ra3Q® e ® ®Y § FM
S
(iif) 3MEXT YHA (envelope theorem) % mfm ¥ TRAY TH Hed Cw, 7, Q)

F Q ® GUY THAT T FIE |

PTO. |
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(@) S = faf A W @ Pefefen wen ® e #RE
I?C/Iigf(x?y)=x4r'y | | -
=
x2}y='1.
f%_ﬁaﬁwg&awwaw(parabola)x2-y=1ao‘raﬁ@aﬂm
s e @) A A A | 3 e S e
F O T Y2 mwﬁ%ﬁsﬁalmw |
(n)va?sm{ | }
S={r)):-2<x<2 2<y<2
mqﬁmﬁw’w:.

l bl
for, ) = =38+ x = )

Wﬁaﬂaﬂﬁﬁwmqﬁnﬁaagwqﬁwafwafwmm
A

7671 ’ 16 - 6,000
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